SOPHUS  LIE.                                       I9
thought it advisable to state this here once for all, since here in America the consideration of algebraic curves has perhaps been too predominant.
The possibility of introducing new elements of space has been pointed out in the preceding lecture. To-day we shall use again a new space-element, consisting of an infinitesimal portion of a surface (or rather of its tangent plane) with a definite point in it. This is called, though not very properly, a stirface-element (Fldchenelemeni), and may perhaps be likened to an infinitesimal fish-scale. From a more abstract point of view it may be defined as simply the combination of a plane with a point in it.
As the equation of a plane passing through a point (xy y> 2) can be written in the form
xr>y*> zf being the current co-ordinates, we have^r, y, zy p> q as the co-ordinates of our surface-element, so that space becomes a fivefold manifoldness. If homogeneous co-ordinates be used, the point (xly #2, x^ x^ and the plane (uv z/2, u^ u^ passing through it are connected by the condition
= O,
expressing their united position ; and the number of independent constants is 3-1-3 — 1 = 5, as before.
Let us now see how ordinary geometry appears in this representation. A point, being the locus of all surface-elements passing through it, is represented as a manifoldness of two dimensions, let us say for shortness, an Mz. A curve is represented by the totality of all those surface-elements that have their point on the curve and their plane passing through the tangent ; these elements form again an M%. Finally, a surface is given by those surface-elements that have their point on the1893), pp. 215-249.reases its power by adopting Pliicker's idea of a generalized space-element and extending this fundamental conception. A few examples will best serve to give an idea of the character of his work ; as such an example I select (as I have done elsewhere before) Lie's sphere-geometry (Kugel-geometrie).ll possible algebraic correspondences.    He
